In this study, two sequences called (s, t)-Jacobsthal, (s, t)-Jacobsthal Lucas are defined by considering the usual Jacobsthal and Jacobsthal Lucas numbers. After that, we establish some properties of these sequences and some important relationships between (s, t)-Jacobsthal sequence and (s, t)-Jacobsthal Lucas sequence.
Introduction
There are many articles in the literature that study on the different number sequences. There are a lot of identities of number sequences described in [7] . From these sequences, Jacobsthal and Jacobsthal Lucas numbers are given by the recurrence relations j n = j n−1 + 2j n−2 , j 0 = 0, j 1 = 1 and c n = c n−1 + 2c n−2 , c 0 = 2, c 1 = 1 for n ≥ 2, respectively. We can see any properties of these numbers in [1, [4] [5] [6] 8, 9] . Many properties of these numbers are deduced directly from elementary matrix algebra. There is a generalization of Fibonacci numbers by using matrix method in [6] . Civciv and Turkmen defined (s, t)-Fibonacci and (s, t)-Lucas matrix sequences by using (s, t)-Fibonacci and (s, t)-Lucas sequences in [2, 3] . Uslu and Uygun defined Jacosthal matrix sequences and by using them found some properties of Jacobsthal numbers in [11] .
(s,t)-Jacobsthal and (s,t)-Jacobsthal Lucas Sequences
The second order recurrence sequence has been generalized in two ways mainly, first by preserving the initial conditions and second by preserving the recurrence relation. We used the first way for the following definition.
Definition 1 For any real numbers s, t; the (s, t)-Jacobsthal { n (s, t)} n∈N and the (s, t)-Jacobsthal Lucas {ĉ n (s, t)} n∈N number sequences are defined recurrently bŷ
and
respectively, where s > 0, t = 0 and s 2 + 8t > 0. Throughout this paper, for convenience we will use the symbol n instead of n (s, t) and the symbolĉ n instead ofĉ n (s, t).
From (1) and (2) we thus have the following tabulation for (s, t)-Jacobsthal numbers n and (s, t)-Jacobsthal Lucas numbersĉ n : Particular cases of the previous definition are:
• If s = 1, t = 1/2 andĉ 0 (1, 1/2) = 2,ĉ 1 (1, 1/2) = 1, the classic Lucas sequence is obtained,
• If s = t = 1 and 0 (1, 1) = 0, 1 (1, 1) = 1, the classic Jacobsthal sequence is obtained,
• If s = t = 1 andĉ 0 (1, 1) = 2,ĉ 1 (1, 1) = 1, the classic Jacobsthal-Lucas sequence is obtained.
Recurrences (1) and (2) involve the characteristic equation
with roots
so that
Theorem 2 Binet Forms:Their Binet's formulas are defined bŷ
Proof. For n = 0, a 1 α n + a 2 β n = 0 and for n = 1, a 1 α n + a 2 β n = 1. By these equalities
For n = 0, a 1 α n + a 2 β n = 2 and for n = 1, a 1 α n + a 2 β n = 1. By these equalities a 1 = a 2 = 1.
Theorem 3 Let us consider s > 0, t = 0 and s 2 + 8t > 0, n ∈ Z + . Then the following property is hold:ĉ n = s n + 4t n−1 .
Proof. We can prove by induction method. For n = 1, we getĉ 1 = s 1 +4t 0 = s. By considering induction steps, let us suppose that the equality holds for all n ≤ k. To end up the proof, we have to show that the case also holds for n = k + 1. Therefore we can write
Theorem 4 Explicit closed form expressions for n ,ĉ n are (n ≥ 1)
Proof. Induction on n provides the required proofs. Important Relationships
Theorem 5 Summation Formulas
For (s, t) Jacobsthal numbers, we can write the following equality by using Binet formula:
If i = 1, then we have
For (s, t) Jacobsthal Lucas numbers, we can write the following equality by using Binet formula:
Theorem 6 D'ocagne's property
For n ≥ m and n, m ∈ Z, we havê
For m ≥ n and n, m ∈ Z + , we havê
Proof. By Binet formula, we havê
It can be proved for (s, t) Jacobsthal Lucas numbers as (s, t) Jacobsthal numbers.
Theorem 7 Catalan's property
For n, r ∈ Z + , we havê For n ∈ Z + , we have
We get
where n ≥ 1, p ≥ 0.
For different values of p this theorem can be expressed in the following:
2n s = 2nĉ2n+2 where n ≥ 1 and so on. Proof. It can be proved by using Binet formulas as the following two propositions.
Theorem 9 We get
2n s =ĉ 2n2n+2 where n ≥ 1 and so on.
Theorem 10
We get
Theorem 11
We have
Proof. By Binet formula, we have
and taking into account that |β| < α and since lim n→∞ β α n = 0 , so the proof is completed.
The Generating Functions of Jacobsthal and Jacobsthal Lucas Sequences
Theorem 12 Let n ≥ 0 any integer. Then we have
Proof. By using expansion of geometric series and (4), (5), (6), we have
Conclusion 13
For n → ∞, we get
Theorem 14 Let n ≥ 0 any integer. Then we have
.
Conclusion 15
Theorem 16 For α k β r−k x < 1, we get 
Proof. By using geometric series and Binet formula, we have 
